Abstract. We give a description of all G-invariant Ricci-flat Kähler metrics on the canonical complexification of any compact Riemannian symmetric space G/K of arbitrary rank, by using some special local (1, 0) vector fields on T (G/K). As the simplest application, we obtain the explicit description of the set of all complete SO(3)-invariant Ricci-flat Kähler metrics on T S 2 , which includes the well-known Eguchi-Hanson-Stenzel metrics and a new oneparameter family of metrics.
Introduction
As it is well known, the existence of Ricci-flat Kähler metrics on either compact or non-compact Kähler manifolds is very different. Given a compact Kähler manifold whose first Chern class is zero, by Yau's solution of Calabi's conjecture, there is a unique Ricci-flat Kähler metric in the original Kähler class. If the Kähler manifold is not compact, the situation is completely different, and it could in principle admit many of such metrics, even complete metrics. There is not for now a general existence theorem for Ricci-flat Kähler metrics on noncompact Kähler manifolds.
Over the latest decades there has been considerable interest in Ricci-flat Kähler metrics whose underlying manifold is diffeomorphic to the tangent bundle T (G/K) of a rank-one compact Riemannian symmetric space G/K. For instance, a remarkable class of Ricci-flat Kähler manifolds of cohomogeneity one was discovered by M. Stenzel [1] . This has originated an extensive series of papers. To cite but a few: M. Cvetič, G. W. Gibbons, H. Lü and C. N. Pope [2] studied certain harmonic forms on these manifolds and found an explicit formula for the Stenzel metrics in terms of hypergeometric functions. Earlier, T. C. Lee [3] gave an explicit formula of the Stenzel metrics for classical spaces G/K but in another vein, using the approach of G. Patrizio and P. Wong [4] . J. M. Baptista [5] used the Stenzel metrics on SL(2, C) ∼ = T (SU(2)) for holomorphic quantization of the classical symmetries of the metrics. A. S. Dancer and I. A. B. Strachan [6] gave a much more elementary and concrete treatment in the case that G/K is the round sphere S n = SO(n + 1)/SO(n), exploiting the fact that the Stenzel metrics are of cohomogeneity one with respect to the natural action of the Lie group G on T (G/K). Remark also that in the case of the standard sphere S 2 , the Stenzel metrics coincide with the well-known Eguchi-Hanson metrics [7] .
The natural question arises on a construction of G-invariant Ricci-flat Kähler metrics (all metrics in as many cases as possible) on the tangent bundles of compact Riemannian symmetric spaces G/K of any rank or, equivalently, on the complexification G C /K C (for the latter spaces, see G. D. Mostow [8, 9] ). The most general existence theorems to date are due to H. Azad and R. Kobayashi [10] and R. Bielawski [11] . These results are non-constructive in nature and rely on non-linear analysis. At this moment, explicit expressions for such metrics have been found only when G/K is an Hermitian symmetric space (see O. Biquard and P. Gauduchon [12, 13] , where these metrics are hyper-Kählerian, thus automatically Ricci-flat). Note that for the simplest case, G/K = CP n , there is also an explicit formula for these metrics by E. Calabi [14] giving the Kähler form of T (G/K) as the sum of the pull-back of the Kähler form on CP n and a term given by an explicit potential.
In the present paper we obtain a description, reached in our main theorem (Theorem 5.1) of such metrics for compact Riemannian symmetric spaces of any rank, as we outline with some more detail in the next paragraph.
Let G/K be a homogeneous manifold, G being a connected, compact Lie group. The tangent bundle T (G/K) has a canonical complex structure J K c coming from the G-equivariant diffeomorphism T (G/K) → G C /K C . The latter space is the complexification of G/K mentioned above. Our approach is based on the explicit algebraic description of some special local (1, 0) vector fields defined on an open subset of T (G/K) (see Lemma 3.5) . These vector fields determine, for each G-invariant Kähler metric g on T (G/K) associated to J K c , a G-invariant function S : T (G/K) → C so that the Ricci form Ric(g) of g can be expressed (Proposition 3.6) as Ric(g) = −i ∂∂ ln S.
Then, using the root theory of symmetric spaces, we can describe, for G/K being any Riemannian symmetric space of compact type, all G-invariant Kähler structures (g, J K c ) which moreover are Ricci-flat on an open dense subset T + (G/K) of T (G/K). Here, T + (G/K) is the image of G/H × W + under a certain G-equivariant diffeomorphism, where W + is some Weyl chamber and H denotes the centralizer of a (regular) element of W + in K. Such G-invariant Kähler and Ricci-flat Kähler structures are determined uniquely by a vectorfunction a : W + → g H satisfying certain conditions (Theorem 5.1), g H being the subalgebra of Ad(H)-fixed points of the Lie algebra of G.
We also give (in Section 6) its simplest application; namely, we describe, in terms of our vector-functions a : R + → so(3), the set of all G-invariant Ricci-flat Kähler metrics (g, J K c ) on the punctured tangent bundle T + S 2 = T S 2 \{zero section} of S 2 = SO(3)/SO(2) and, among them, those that extend to smooth complete metrics on the whole tangent bundle. This family of SO(3)-invariant Ricci-flat Kähler metrics on T S 2 includes the well-known ∂∂-exact Eguchi-Hanson (hyper-Kählerian) metrics [7] reopened by M. Stenzel [1] and a new family of metrics which are not ∂∂-exact.
In our next paper [15] we give an explicit description, by using the technique of this article and the main Theorem 5.1, of the set of all G-invariant Ricci-flat Kähler metrics (g, J K c ) on T (G/K), where G/K is a compact rank-one symmetric space. It is also shown that this set contains a new family of metrics which are not ∂∂-exact if G/K ∈ {CP n , n 1}, and coincides with the set of Stenzel metrics for any of the latter spaces G/K.
Preliminaries
2.1. Invariant polarizations. Let M be a smooth real manifold such that two real Lie groups G and K act on it and suppose that these actions commute and the action of K on M is free and proper. Then the orbit space M = M /K is a well-defined smooth manifold and the projection mappingπ : M → M is a principal K-bundle. Since the actions of G and K on M commute, there exists a unique action of G on M such that the mappingπ is G-equivariant.
Let K ⊂ T M be the kernel of the tangent mapπ * : T M → T M . Then K is an involutive subbundle (of rank dim K) of the tangent bundle T M . Since the actions of G and K commute, the subbundle K is G-invariant.
Suppose that (M, ω) is a (smooth) symplectic manifold with a G-invariant symplectic structure ω. Let J be a G-invariant almost complex structure on M and let F (J) ⊂ T C M be its complex subbundle of ( In this case, the 2-form ω is invariant with respect to the automorphism J of the real tangent bundle T M and the bilinear form g = g(ω, J), where g(Y, Z) def = ω(JY, Z), for all vector fields Y, Z on M , is symmetric and positive-definite. It is clear that each positive-definite polarization F on (M, ω) determines the Kähler structure (g, ω, J) with complex tensor J such that F = F (J) and g = g(ω, J).
Since F is an involutive subbundle of T C M , it is determined by the differential ideal I(F ) ⊂ ΛT C * M (closed with respect to exterior differentiation). Theñ π * (I(F )) ⊂ ΛT C * M is also a differential ideal and, consequently, its kernel F is an involutive subbundle of T C M . We will denote F also byπ −1 * (F ). This subbundle is uniquely determined by two conditions: (1) 
Proof. The proof coincides up to some simple changes with that of Mykytyuk [17, Lemma 3] . Since F is K-invariant and the kernel K ofπ * is contained in F, the image F =π * (F) of F is a well-defined subbundle of T C M of rank
It then immediately follows from (4) that the subbundle F is Lagrangian. To prove the smoothness and involutiveness of F we notice thatπ is a submersion, i.e. for any pointx ∈ M there exists a convex neighborhood U ofx, coordinates x 1 , . . . , x N on U and coordinates x 1 , . . . , x N on the open subset U =π( U ) such that x j (x) = 0, j = 1, . . . , N , and in these coordinatesπ| U is of typeπ : (
. . , x N )∂/∂x j be any section of F| U . The subbundle K is spanned on U by ∂/∂x j , j = N + 1, . . . , N , and F| U is preserved by these ∂/∂x j . Therefore, the smooth vector field
is also a section of F| U (F is preserved by ∂/∂x j if and only if F is preserved by the corresponding local one-parameter group [18, Prob. 2.56, p. 124]). Thus,
The involutiveness of F follows easily from (2.1). Now, it follows from (5) that F is a positive-definite polarization.
2.2.
Invariant Ricci-flat Kähler metrics. Let G be a Lie group acting on the manifold M . Let J be some G-invariant complex structure on M . To substantially simplify matters we will work on M with the G-invariant Kähler (symplectic) form ω rather than with the metric g:
Let dim M = 2n and z 1 , . . . , z n be some local complex coordinates on (M, J). Then ω = 1 j,s n w js dz j ∧dz s . In particular, w js = ω(∂/∂z j , ∂/∂z s ) and w js = −w sj , that is, the matrix (ω js ) is skew-Hermitian. The Ricci form Ric(g) (corresponding to the Ricci curvature) of the metric g is the (global) form given in the local coordinates z 1 , . . . , z n (see [19, Ch. IX, §5]) by Ric(g) = −i∂∂ ln det(w js ). The right-hand side does not depend on the choice of local complex coordinates. The Ricci form Ric(g) is G-invariant because so are the complex structure J and the form ω.
Let X 1 , . . . , X n be some linearly independent J-holomorphic vector fields defined on some open dense subset O of M . Using these holomorphic (possibly non-global) vector fields X j , j = 1, . . . , n, we can calculate the function det(w js ) on the subset O ⊂ M up to multiplications by some holomorphic and some antiholomorphic functions. Indeed, putting W js = ω(X j , X s ), we obtain that locally det(W js ) = h · det(w js ) · h, where h is some non-vanishing local holomorphic function (specifically, some determinant). Thus
Ric(g) = −i∂∂ ln det(W js ).
3. The canonical complex structure on T (G/K)
Consider a homogeneous manifold G/K, where G is a compact connected Lie group and K is some closed subgroup of G. Let g and k be the Lie algebras of G and K. There exists a positive-definite Ad(G)-invariant form ·, · on g.
Denote by m the ·, · -orthogonal complement to k in g, that is, g = m ⊕ k is the Ad(K)-invariant vector space direct sum decomposition of g. Consider the trivial vector bundle G × m with the two Lie group actions (which commute) on it: the left G-action, l h : (g, w) → (hg, w) and the right K-action r k : (g, w) → (gk, Ad k −1 w). Let
be the natural projection for this right K-action. This projection is G-equivariant. It is well known that G× K m and T (G/K) are diffeomorphic. The corresponding G-equivariant diffeomorphism
and the projection π determine the G-equivariant submersion Π = φ•π : G×m → T (G/K). It is clear that there exists a sufficiently small neighborhood O m ⊂ m of zero in m and an open subset O ⊂ T (G/K) containing the whole linear subspace
is a diffeomorphism. We will use this special local section exp(O m ) × m ⊂ G × m of the projection Π in our calculations below.
Remark 3.1. In the case when we consider simultaneously different homogeneous manifolds G/K with the same Lie group G we will denote the mappings Π, π and φ by Π K , π K and φ K , respectively, and the
Let G C and K C be the complexifications of the Lie groups G and K. In particular, K is a maximal compact subgroup of the Lie group K C and the intersection of K with each connected component of K C is not empty (note that G C , K C , G and K are algebraic groups). Let g C = g ⊕ ig and k C = k ⊕ ik be the complexifications of the compact Lie algebras g and k.
We denote by G R and K R the groups G C and K C , respectively, considered as real Lie groups. Denote by ξ l h , ξ ∈ g (resp. ξ r h ) the left (resp. right) G Cinvariant (holomorphic) vector fields on G C . The natural (canonical) complex structure J c on G R = G C is defined by the right G R -invariant (1, 0) vector fields ξ r h = ξ r − i(Iξ) r , ξ ∈ g, where I is a complex structure (in particular, I can be taken as the multiplication by i) on g C and ξ r and (Iξ) r are the right G R -invariant vector fields on the real Lie group G R obtained from ξ and Iξ, respectively. In turn, we denote by ξ l the corresponding left G R -invariant vector field on G R . Note here that, when dealing with vector fields on the Lie group G, we will use the same notation, i.e. ξ l , for the left G-invariant vector field on G corresponding to ξ ∈ g.
Consider the complex homogeneous manifold G C /K C and the canonical holomorphic projection p h : G C → G C /K C . Since the vector field ξ r h on G C is right K C -invariant and p h is a holomorphic submersion, its image p h * (ξ r h ) is a welldefined holomorphic vector field on the complex manifold G C /K C .
Identifying G C /K C naturally with the real homogeneous manifold G R /K R we obtain on G R /K R the canonical left G R -invariant complex structure J K c . This structure is defined by the global (1, 0) vector fields p h * (ξ r h ) = p * (ξ r ) − ip * (Iξ) r , ξ ∈ g, where p is the canonical projection p :
Since G and K are maximal compact Lie subgroups of G C and K C , respectively, by a result of Mostow [8, Theorem 4] , we have that K C = K exp(ik), G C = G exp(im) exp(ik), and the mappings
is also a G-equivariant diffeomorphism. The diffeomorphism f K supplies the manifold T (G/K) with the G-invariant complex structure J K c . Moreover, this structure is determined by the set of global holomorphic vector fields X ξ h , ξ ∈ g, on T (G/K) which are images of the holomorphic vector fields p * (ξ r ) − ip * (Iξ) r , under the tangent map f K * . 
where
If in addition the homogeneous manifold G/K is a symmetric space, we have the following exact solutions of (3.6):
where P m : g → m and P k : g → k are the natural projections determined by the splitting g = m ⊕ k, and therefore X ξ h = Π * X ξ , where
Proof. To prove the lemma we calculate the components of the image of the right G R -invariant vector field ξ r − i(Iξ) r , ξ ∈ g on G R , under the diffeomorphism
To this end we consider two curves exp(tξ)g exp(iw) and exp(tiξ)g exp(iw), t ∈ R, in the group G C = G R through the point g exp(iw) with tangent vectors ξ r (g exp(iw)), (Iξ) r (g exp(iw)), respectively (here, Iξ = iξ for ξ ∈ g). Using the diffeomorphism (3.3) we obtain that
where ε ∈ {1, i} (hereafter this means that either ε = 1 or ε = i all times in the formula), g ε (0) = e, v ε (0) = w and k ε (0) = 0 and g ε (t), v ε (t) and k ε (t) are the (unique) smooth curves in G, m and k, respectively. Hence,
through the identity in G C and calculating their tangent vectors at e ∈ G C , we obtain the following equation in 
or two equations for g:
As we remarked above, these equations possess a unique solution. It is easy to see that the first of them defines the operator-functions
3) is a diffeomorphism, these operator-functions are smooth functions on m.
To complete the proof of the first part of our lemma, we substitute in (3.10) the two triples (g ′ ε (0), v ′ ε (0), k ′ ε (0)) for ε ∈ {1, i} calculated above. To prove the second part of the lemma it is sufficient to note that g = m ⊕ k, w ∈ m, and in the symmetric case the subspaces m and k are invariant subspaces of the operators (ad w ) 2p , p = 0, 1, 2, ...
the uniqueness of the splitting (3.6) we obtain the Ad(K)-equivariance of the maps w → B m w and w → B k w :
, there exists a G C -invariant non-vanishing holomorphic form Θ h of maximal rank on the complex homogeneous space G C /K C 0 ; that is, the canonical bundle
, is holomorphically trivial. The existence of the form Θ h relies on the fact that as a group of transformations of m C the group Ad(K C )| m C is a subgroup of the complex orthogonal group O(m C ) but (3.5) endowes the manifold T (G/K 0 ) with the complex structure J K 0 c and a G-invariant nowhere-vanishing J K 0 c -holomorphic n-form, which we denote also by Θ h .
Fix some orthonormal basis ξ 1 , . . . , ξ n (with respect to the form ·, · ) of the space m. By definition, the holomorphic vector fields X ξ 1 h , . . . , X ξn h are linearly independent at the point Π(e, 0) ∈ T (G/K) and therefore they are linearly independent on some open dense subset of T (G/K) (since the holomorphic vector fields p h * ((ξ 1 ) r h ), . . . , p h * ((ξ n ) r h ) are linearly independent at the point p h (e) = {K C } ∈ G C /K C ). However, these global J K c -holomorphic (specifically, (1, 0)) vector fields on T (G/K) are not G-invariant.
We will construct now certain global G-invariant smooth vector fields on G×m, which in turn determine certain local (1, 0) vector fields on T (G/K), the latter having the important property that the form Θ h is a nonzero constant on them (see (3.14) below), whenever K is connected. To this end, we consider the special local section exp(O m ) × m ⊂ G × m of the projection Π and the corresponding
Lemma 3.5. We retain the notation of Lemma 3.2. The (complex) vector fields 
If, in addition, the homogeneous manifold G/K is a symmetric space (K is not necessarily connected), then for each ξ ∈ m we have
Proof. Suppose that K is connected and consider the canonical holomorphic projection p h :
vector fields on the complex Lie group G C corresponding to the vectors ξ 1 , . . . , ξ n ∈ m.
But, as we remarked above, the group
where the first component is tangent to the (real) submanifold G exp(im) ⊂ G R at g exp(iw) and the second one is tangent to the submanifold
is a diffeomorphism onto the open subset O ⊂ T (G/K), we obtain relation (3.14) -note that -for the vector fields (
So that now to complete the proof of the lemma it is sufficient to show that the component Y ξ (g exp(iw)) of the left G C -invariant vector field ξ l h coincides with the vector field Y ξ (g, w) in (3.13) under the natural identification of the submanifold G exp(im) ⊂ G R with the manifold G × m. By such identification, the vector field Y ξ on G × m is G-invariant and smooth.
Since the left G C -invariant vector field ξ l h , for ξ ∈ g, is given by ξ l h = ξ l −i(Iξ) l , ξ ∈ g, we have to calculate the components of the G R -invariant vector fields ξ l and (Iξ) l , tangent to the submanifold G exp(im).
To this end it is sufficient to consider the two curves g exp(iw) exp(tξ) and g exp(iw) exp(tiξ), t ∈ R, in the group G C = G R through the point g exp(iw) with tangent vectors ξ l (g exp(iw)), (Iξ) l (g exp(iw)), respectively. By (3.3),
where ε ∈ {1, i}, g ε (0) = e, v ε (0) = w, k ε (0) = 0 and g ε (t), v ε (t) and k ε (t) are smooth curves in G, m and k, respectively. Hence,
Since the map (3.3) is a diffeomorphism, there exists a unique solution (g ′ (0),
which are equivalent to the pair of equations
Thus,
where the operator-functions B m : m → End(g, m) and
w (cos ad w ξ).
Now, substituting the two triples (g
) we obtain expressions (3.13). Note here that because the mappings w → ad w , w → B m w , and w → B k w (w ∈ m), are Ad(K)-equivariant (see Remark 3.3 and (3.12)), for any w ∈ m, ξ ∈ g, k ∈ K, it follows that
To prove the last part of the lemma it is sufficient to note that in the symmetric case the subspaces m and k are invariant subspaces of the operators (ad w ) 2p , p = 0, 1, 2, ... and use (3.8).
Given a G-invariant Kähler structure (g, ω, J K c ) on T (G/K), where J K c is its canonical complex structure, it follows from (2.2) that the Ricci form Ric(g) is
To substantially simplify this calculation we will prove that this function is equal, up to a non-zero complex factor, to S·h, where S is some global G-invariant function and h is locally expressed as h = h · h for some local J K c -holomorphic function h on T (G/K). Specifically, we obtain the following result. 
is left G-invariant and right K-invariant and therefore determines a unique Ginvariant function S :
Proof. The function S is G-invariant because so are the vector fields {Y ξ j }. Let us show that moreover S is right K-invariant or, equivalently,
for all k ∈ K. Indeed, since the form ω is G-invariant and the projection Π : G × m → T (G/K) is an equivariant submersion with respect to the natural left Gactions on G × m and T (G/K), it follows that Π * ω is a left G-invariant and right
Since by (3.13) the map m → g C × m C , ξ → Y ξ (e, w), is linear and the endomorphism Ad k : m → m is orthogonal (det Ad k = ±1), we obtain
This proves (3.21). Now it is easy to see that the function S with S = Π * S is well defined. This function is smooth and G-invariant because the mapping Π is a G-equivariant submersion. In order to prove (3.20) , suppose first that the subgroup K ⊂ G is connected. Consider the holomorphic form Θ h on T (G/K). Then there exists a constant ε n ∈ C such that ε n Θ h ∧ Θ h is a volume form compatible with the orientation defined by the symplectic structure ω on T (G/K). Thus there is a positive, real analytic function
The function S 1 is G-invariant because so are the forms ω and Θ h . On the other hand, putting (e 1 , . . . , e 2n ) = X 
Here * = means "equal up to a non-zero constant complex factor."
Similarly, by Lemma 3.5 and since ω Y
ξs O = 0, we have from (3.24) and (3.14) that S 1 is locally expressed as
Then, using Lemma 3.5 again we obtain that locally
Hence, using that
where c ∈ C\{0} and h is a function on T (G/K) such that locally h = |h 1 | 2 . Thus (3.20) holds.
Finally, suppose that K = K 0 , that is, K is not connected.
Since below we will consider the manifolds T (G/K 0 ) and T (G/K) simultaneously, we will use the notation introduced above for objects on T (G/K) but with indexes K 0 and K respectively (if they exist). To complete the proof of the lemma, consider the natural covering map Ψ :
This map is holomorphic and G C -equivariant. There exists a unique map ψ : T (G/K 0 ) → T (G/K) such that the following diagram is commutative:
.
By definition, the map ψ is holomorphic and G-equivariant. Here the maps (diffeomorphisms) φ K , φ K 0 , and f
are defined by (3.1) and (3.4). Since the global vector fields Y ξ , ξ ∈ m, in (3.13) on G × m are determined only in terms of the pair of Lie algebras (g, k), the function S in (3.19) is the same for the spaces T (G/K) and
is the fundamental form of the Kähler metric g K 0 on T (G/K 0 ) associated with the canonical complex structure J K 0 c . Since Ric(g K 0 ) = ψ * Ric(g K ) and as we proved above, Ric(g K 0 ) = −i ∂∂ ln S K 0 , we obtain (3.20).
Invariant Ricci-flat Kähler metrics on tangent bundles of compact Riemannian symmetric spaces
We continue with the previous notations but in this section and the following one it is assumed in addition that G/K is a rank-r Riemannian symmetric space of a connected, compact (possibly with nontrivial center) Lie group G.
4.1.
Root theory of Riemannian symmetric spaces and reduced symmetric spaces of maximal rank. Here we will review a few facts about Riemannian symmetric spaces [20, Ch. VII, §2, §11]. We have
In other words, there exists an involutive automorphism σ : g → g such that
Moreover the scalar product ·, · is σ-invariant.
Let a ⊂ m be some Cartan subspace of the space m. There exists a σ-invariant Cartan subalgebra t of g containing the commutative subspace a, i.e.
Then the complexification t C is a Cartan subalgebra of the reductive complex Lie algebra g C and we have the root space decomposition
Here ∆ is the root system of g C with respect to the Cartan subalgebra t C . For each α ∈ ∆ we havẽ
It is evident that the centralizerg 0 of the space a C in g C is the subalgebra
where ∆ 0 = {α ∈ ∆ : α| a C = 0} is the root system of the reductive Lie algebrã g 0 with respect to its Cartan subalgebra t C . Since the algebrag 0 coincides with the centralizer of some (regular) element x Π ∈ a in g C , there exists a basis Π of ∆ (a system of simple roots) such that Π 0 = Π ∩ ∆ 0 is a basis of ∆ 0 . Indeed, the element −ix Π ∈ it belongs to the closure of some Weyl chamber in it determining the basis Π. Then Π 0 = {α ∈ Π : α(−ix Π ) = 0}. The bases Π and Π 0 determine uniquely the subsets ∆ + and ∆ + 0 of positive roots of ∆ and ∆ 0 , respectively. It is evident that
} is the set of restricted roots of the triple (g, k, a), which is independent of the choice of the σ-invariant Cartan subalgebra t containing the Cartan subspace a. The following decomposition
and Σ + denotes the subset of positive restricted roots in Σ determined by the set of positive roots ∆ + , gives us the simultaneous diagonalization of ad(a C ) on g C . Denote by m λ the multiplicity of the restricted root λ ∈ Σ + , that is,
The set Σ is an abstract (not necessarily reduced) root system and its subset (1) α + β ∈ ∆ for all β ∈ ∆ 0 ; (2) the restricted root λ = α| a C has multiplicity 1 (as an element of the restricted root system Σ).
Proof. The set ∆ ′ is an (abstract) root subsystem of ∆ because the subset ∆ ′ ⊂ ∆ is symmetric (
We now look at the standard scalar product on the real subspace V ⊂ (t C ) * spanned by the set ∆ ⊂ (t C ) * . We can suppose that the Lie algebra g is semisimple. Consider on g C the Killing form ·, · K (which up to multiplication by a non-zero scalar coincides with our form ·, · on each (real) simple ideal of g). For each C-linear form µ on the Cartan subalgebra t C let A µ ∈ t C be determined
It is well known that for each µ ∈ ∆ the vector A µ ∈ it and that the restriction of the Killing form ·, · K to it is positive-definite.
Since a⊥t 0 , α| t 0 = 0 and α| a = α| a , we obtain that A α ∈ ia, A α − A α ∈ it 0 and, consequently, α, α − α K = 0. Thus For each linear form λ on a C put
We shall put
Since the Lie algebra g is compact then λ(a) ⊂ iR. Define the linear function λ ′ : a → R, λ ∈ Σ + , by the relation iλ ′ = λ. We need the following lemma, which is a generalization of [20, Ch. VII, Lemma 2.3].
Lemma 4.2. For any vector ξ λ ∈ m λ , λ ∈ Σ + , there exists a unique vector ζ λ ∈ k λ such that
In particular, dim m λ = dim k λ = m λ and there exists a unique endomorphism
This endomorphism is orthogonal and T 2 = −Id m + ⊕k + .
Proof. As we remarked above,
It is well known that the C-linear extension of σ is an involutive automorphism of the complex Lie algebra g C . We denote this involution also by σ. Then
Indeed, for any w ∈ a and E ∈g λ we have [w, E] = λ(w)E and, consequently, [−w, σ(E)] = λ(w)σ(E) because σ(w) = −w. Thus σ(g λ ) ⊂g −λ . Similarly, we can show that σ(g −λ ) ⊂g λ . Taking into account that σ is nondegenerate, we obtain (4.9). Sinceg λ ∩g −λ = 0 and σ(ξ) = −ξ for ξ ∈ m C λ , σ(ζ) = ζ for ζ ∈ k C λ , from (4.9) it follows that
From (4.8), (4.10) and dimensional arguments it follows that for the subspacẽ
Relations (4.6) and (4.7) determine a unique endomorphism T for which T (ξ λ ) = −ζ λ , T (ζ λ ) = ξ λ , ∀λ ∈ Σ + . Now the latter assertion of the lemma is evident excepting orthogonality.
To prove the orthogonality of T it is sufficient to note that, by (4.5), for different λ, µ ∈ Σ + , the subspaces m λ ⊕ k λ and m µ ⊕ k µ are orthogonal and for two arbitrary pairs {ξ λ , ζ λ } and {ξ * λ , ζ * λ } for which Conditions (4.6) hold, we have by Definition (4.4) that
λ . From this and the similar relation for {ξ λ , ξ * λ }, the orthogonality of T follows.
Each restricted root λ defines a hyperplane λ(w) = 0 in the vector space a. These hyperplanes divide the space a into finitely many connected components, Since the centralizer of a (regular) element w ∈ W + ⊂ a in the space m coincides with the Cartan subspace a ⊂ m, the centralizer of the element w coincides with the centralizer of the Cartan subspace a in Ad(K), i.e. 
Note also that the space h (see (4.5)),
is the Lie algebra of H. In particular, the subalgebra a ⊕ h = g w ((a ⊕ h) C =g 0 ) is a subalgebra of g of maximal rank.
Recall that a subalgebra b ⊂ g is said to be regular if its normalizer n(b) in g has maximal rank, that is, rank n(b) = rank g. In other words, b is regular if and only if b is normalized by some Cartan subalgebra of the algebra g.
Our interest now centers on what will be shown to be an important subalgebra of g. Let g H ⊂ g be the subalgebra of fixed points of the group Ad(H), i.e.
It is evident that g H ⊂ g h , where
is the centralizer of the algebra h in g. Note that in the general case one has g H = g h (see Example 4.6 below).
To understand the structure of the algebra g H we consider more carefully the centralizer g h . Since h is a compact Lie algebra, h = z(h) ⊕ [h, h], where z(h) is the center of h and [h, h] is a maximal semisimple ideal of h. It is clear that
By its definition, z(h) is a subspace of the center of the algebra g h . Moreover, by (4.12), a ⊂ g h . The space a ⊕ z(h) ⊂ g h is a Cartan subalgebra of g h . Indeed, as we remarked above, the centralizer g C a =g 0 = a C ⊕ h C (by its definition,
Since a ⊕ t 0 is a Cartan subalgebra of the algebras g and g a = a ⊕ h, the algebra t 0 is a Cartan subalgebra of the algebra h and, consequently, By definition, [g h , h] = 0. Hence the space g h + h is a subalgebra of g. Since a ⊂ g h and t 0 ⊂ h, then a ⊕ t 0 ⊂ g h + h. But a ⊕ t 0 = t is a Cartan subalgebra of g. This means that the complex reductive Lie algebras (g h + h) C , g C h and h C are ad(t C )-invariant (regular) subalgebras of g C . Taking into account that t∩g h = a⊕z(h) and t∩h = t 0 , we obtain the following direct sum decompositions:
where ∆ h is some subset of the root system ∆. Since the spaces a ⊕ z(h) ⊂ t and t 0 ⊂ t are Cartan subalgebras of the algebras g h and h respectively, the decompositions above are the root space decompositions of (g C h , (a ⊕ z(h)) C ) and (h C , t C 0 ), respectively. In particular, the subset ∆ h ⊂ ∆ is the root system of (g C h , (a ⊕ z(h)) C ). Proposition 4.3. The algebra g h is a σ-invariant regular compact subalgebra (possibly with nontrivial center) of g, in particular, ∆ h = α ∈ ∆ : α(t 0 ) = 0, α + β ∈ ∆ for all β ∈ ∆ 0 .
The set Σ h = {λ ∈ (a C ) * : λ = α| a C , α ∈ ∆ h } ⊂ Σ is the set of restricted roots of the triple (g h , k h , a). Each element λ ∈ Σ h ⊂ Σ has multiplicity 1, that is, dim m λ = dim k λ = 1, and the following decompositions are direct and orthogonal:
Proof. Since h ⊂ k, then σ(h) = h and the centralizer g h of h in g is σ-invariant, i.e. (4.17) holds. As we proved above, a⊕z(h) ⊂ g h is a Cartan subalgebra of g h . Since a ⊂ m h = g h ∩ m, this subspace is a Cartan subspace of m h as it is a maximal commutative subspace of m.
The root system ∆ h ⊂ ∆ of the algebra g C h in (4.16) is a subset of the root system ∆ ′ (see Lemma 4.1). Indeed, since [g h , h] = 0 and t 0 = (1 + σ)t is a subspace of h = g a ∩ k, we obtain that α(t 0 ) = 0 for all α ∈ ∆ h , that is, ∆ h ⊂ ∆ ′ . Now to prove the relation (4.18) describing the root system ∆ h it is sufficient to recall that for any roots α, β ∈ ∆, α + β = 0, the commutator To describe the algebra g H we consider now in more detail the subgroup H ⊂ K. By its definition, H = K ∩ G a . By [20, Ch. VII, Corollary 2.8], the centralizer G a of the commutative subalgebra a is connected (it is the union of all maximal tori containing the torus exp a ⊂ G). Since g a = a ⊕ h is the Lie algebra of the compact Lie group G a , we have that G a = exp(a ⊕ h). But exp(a ⊕ h) = exp(a) exp(h) because [a, h] = 0. The set H 0 = exp h is the identity component of the Lie group H and
where D a stands for the commutative finite group
The algebra g H ⊂ g h is a σ-invariant regular compact subalgebra of g. In particular, 
is the set of restricted roots of the triple (g H , k H , a) .
The following decompositions are direct and orthogonal:
Proof. Since [h, g h ] = 0, the connected Lie group Ad(H 0 ) with Lie algebra ad(h) acts trivially on g h . Taking into account that H = D a H 0 we obtain (4.19).
Since K is a subgroup of the group of fixed points of certain involutive automorphism on G acting by exp v → exp(−v) on exp(a), we obtain the second relation in (4.20) . The group D a is a commutative finite group because exp(a) ⊂ G is a toral subgroup, K is compact, and the intersection exp(a) ∩ K is a group of dimension 0 (a ∩ k = 0). The algebra g H is σ-invariant because by Definition (4.11), σ Ad(H)σ = Ad(H). Since: D a = {exp v 1 , . . . , exp v s }, where v j ∈ a, j = 1, . . . , s; [a, a ⊕ z(h)] = 0; and Ad exp v j = exp(ad v j ), then from relations (4.6) we obtain that Ad exp v j v = v for all v ∈ a ⊕ z(h) and
for arbitrary ξ λ ∈ m λ and ζ λ ∈ k λ , λ ∈ Σ + satisfying condition (4.6). But exp v j = exp(−v j ) and, consequently, sin
The last assertion of the proposition follows from Proposition 4.3. 
Moreover, because by its definition, T (m λ ) = k λ , T (k λ ) = m λ , for all restricted roots λ ∈ Σ + , we have that
Example 4.6. Let G/K = SU(n)/SO(n), n 2. Let g = su(n) and k = so(n) be the Lie algebras of G and K, i.e. the spaces of traceless skew-Hermitian complex and skew-symmetric real n × n matrices, respectively. It is clear that the space a = {diag(it 1 , . . . , it n ), t j ∈ R, n j=1 t j = 0}, is a Cartan subspace of the space m ⊂ g. Since a is a Cartan subalgebra of the algebra g, the centralizer h def = g a ∩k = a∩k = 0, that is, the Lie algebra of the group H, is trivial and g h = g.
Then by Proposition 4.4, H = D a and D a def = exp(a) ∩ K = {diag(ε 1 , . . . , ε n )}, where ε j = ±1 and n j=1 ε j = 1. It is easy then, on account of (4.19), to verify that g H = a if n 3 (in this case for any k, j n, k = j there exists an element g ∈ D a for which ε k ε j = −1) and g H = g = su(2) if n = 2. In the latter case the group H coincides with the center of the Lie group SU(2), i.e. the action of Ad(H) on g is trivial.
Fix in each subspace m λ , λ ∈ Σ + , some basis {ξ 
is a well-defined diffeomorphism. Thus the map
It is clear that the following diagram is commutative
where π H : G → G/H is the canonical projection.
where the tangent space T w m is identified canonically with the space m. Note also here that the tangent space T o (G/H) at o = {H} ∈ G/H can be identified naturally with the space m ⊕ k + = a ⊕ m + ⊕ k + , because by definition k = h ⊕ k + and h is the Lie algebra of the group H.
We can rewrite the expression for the vector field Y ξ , ξ ∈ m, in (3.15) on the product G × m in a simpler way using Lemma 4.2 and the basis (4.21) of the algebra g. Indeed, for w ∈ W + ⊂ a, by (3.15) we have 
To describe the G-invariant Ricci-flat Kähler metrics on T (G/K) associated to the canonical complex structure J K c , we first attempt to describe such metrics on the G-invariant open and dense subset
isomorphic to the direct product G/H × W + ⊂ G/H × R r , where the action of the group G is natural on the first component and trivial on the second component (see the commutative diagram (4.22)). Since this diffeomorphism is G-equivariant, we denote the corresponding complex structure on G/H × W + also by J K c . Consider the coordinates (x 1 , . . . , x r ) on W + associated with the basis (X 1 , . . . , X r ) of a, that is, w = x = x 1 X 1 + · · · + x r X r . By the G-invariance it suffices to describe the operators J K c only at the points (o, x) ∈ G/H × W + , where o = {H}. Then from (4.24), (4.26) and the commutative diagram (4.22) we see that
where, recall, λ ′ x = λ ′ (x) ∈ R. Here T o (G/H) is identified naturally with the space a ⊕ λ∈Σ + m λ ⊕ λ∈Σ + k λ and, in the first equation, we use naturally the usual basis {∂/∂x j } of T x R r (W + is an open subset of R r ).
Often we will use the second relation in (4.27) in the more general form:
Let F = F (J K c ) be the subbundle of (1, 0)-vectors of the structure J K c on the manifold G/H × W + . We can substantially simplify calculations by working on the manifold G×W + with the subbundle F = (π H ×id) −1 * (F ) rather than on the manifold G/H × W + with F (see Subsection 2.1). From (4.27) (see also (4.24) and (4.26)) it follows that the subbundle F of T C (G × W + ) is generated by the kernel H of the submersion π H × id,
and the left G-invariant vector fields 
To simplify calculations in the forthcoming subsection, we will use for the vector fields of the second family the following more general expression,
in terms of the two operator-functions R : W + → End(g) and S : W + → End(g) on the set W + such that
where, recall, x = r j=1 x j X j ∈ W + . Remark also that 1 cos adx η = η if η ∈ a ⊕ h but R x η = 0 in this case. Since the operator ad x is skew-symmetric with respect to the scalar product on g, each operator R x is symmetric and S x is skewsymmetric:
Moreover, it is clear that for all x ∈ W + , the restrictions R x | m + ⊕k + and S x | m + ⊕k + are nondegenerate and by Remark 4.5 the following relations hold: defined by expression (4.7) .
Proof. It is clear that
Let us calculate the 1-form
Since the function f h is G-invariant, f h is determined uniquely by some smooth function f :
. . , x r ). Taking into account the description of the vector fields Z X j , Z ξ j λ generating the subbundle F of T (G × W + ) (see (4.29)), we obtain that α h = 1 2 r j=1 ∂f ∂x j i θ X j + dx j , where θ X j is the left G-invariant 1-form on G (considered as a form on
It is clear that the first and second summands above vanish (they are independent as differential two-forms on G × W + ). Since the left-invariant forms {θ X j } r j=1
are independent on G, we obtain that
and the algebra g is semisimple ([g, g] = g), we obtain that c j = 0 for all j = 1, . . . , r.
Invariant Ricci-flat Kähler metrics on
be the set of all Ginvariant Kähler (resp. Ricci-flat Kähler) structures on G/H ×W + , identified also with the set K(T + (G/K)) (resp. R(T + (G/K))) of all G-invariant Kähler (resp. Ricci-flat Kähler) structures on the open dense subset where (c 1 , . . . , c n ) ∈ C n \ {0}. Let R(G × W + ) = { ω} be the subset of the set K(G × W + ) = { ω} such that for its elements ω (in addition) the following condition holds:
(
ii) If the group G is semisimple then the restriction of this map to R(G×W + ) is a one-to-one map from
Proof. From (1)−(3), ω becomes into a G-invariant symplectic structure on G/H × W + . Then item (i) of the theorem follows from Lemma 2.1, using (4) and (5) and taking
is the subbundle of (1, 0)-vectors of the structure J K c on the manifold G/H × W + . To prove assertion (ii) of the theorem, let ω ∈ K(G/H × W + ) and ω = (π H × id) * ω. By Proposition 3.6, the form ω = ((φ • f + ) −1 ) * ω ∈ R(T + (G/K)) if and only if the G-invariant function ln S (S = S(ω), see (3.20 
c -harmonic function. In this case, by Proposition 4.7, S = const. Now to complete the proof of the theorem it is sufficient to remark that, by (3.19) 
and by the definition of the vector fields Z ξ , ξ ∈ m, the difference Z ξ −Y ξ belongs to the kernel of the tangent map Π * :
Remark 4.9. Note that condition (5) of the previous theorem is equivalent to the following condition: the Hermitian matrix-function w on W + with entries w jk (x) = i ω(T j , T k )(e, x), j, k = 1, . . . , n, is positive-definite.
Suppose that there exists a smooth form (extension) ω 0 on the whole tangent bundle T (G/K) such that ω 0 = ω on T + (G/K). Then the form ω 0 determines a G-invariant Kähler structure on T (G/K) (associated to the canonical complex structure J K c ) if and only if for each limit point x ∈ W + \ W + ⊂ a and some sequence x m ∈ W + , m ∈ N, such that lim m→∞ x m = x, the Hermitian matrix w(x) with entries w jk (x) = lim m→∞ w jk (x m ) = lim m→∞ i ω(T j , T k )(e, x m ), j, k = 1, . . . , n, is positive-definite.
Proof. The form ω on G × W + is left G-invariant, right H-invariant and ker ω = H . By the commutative diagram (4.22) there exists a unique 2-form ω on the space G × m R which is left G-invariant, right K-invariant, ker ω = K | G×m R , ω| G×W + = ω and Π * ω = ω. Here, recall, K ⊂ T (G × m) is the kernel of the tangent map π * : T (G × m) → T (G × K m). By Lemma 2.1, Item (5), the form (extension) ω 0 determines a G-invariant Kähler structure on T (G/
But as we remark above, at each point (e,
restricted to the subspace T (e,xm) (G×W + ) ⊂ T (e,xm) (G×m). Taking into account again (as in the proof of Theorem 4.8) that the difference (Z ξ −Y ξ )(e, x m ), ξ ∈ m, belongs to the kernel of the tangent map Π * (e, x m ) we obtain that v jk (x) = lim m→∞ i ω Z ξ j , Z ξ k (e, x m ). Now all the other required properties of the form ω 0 follow by continuity.
Description of the space R(G × W + )
For any vector a ∈ g, denote by θ a the left G-invariant 1-form on the group G such that θ a (ξ l ) = a, ξ . Since r * g θ a = θ Adg a , where g ∈ G, the form θ a is right H-invariant if and only if Ad h a = a for all h ∈ H ⊂ G. Because
is a closed 2-form on G. Let pr 1 : G × W + → G and pr 2 : G × W + → W + be the natural projections. Choosing some orthonormal basis {e 1 , . . . , e N } of the Lie algebra g, where e j = X j , j = 1, . . . , r, put θ e k def = pr * 1 (θ e k ) and ω e k def = pr * 1 (ω e k ). For any vectorfunction a : 
c m λ , c k λ ∈ R, such that ω is the exact form expressed in terms of a as
Moreover, for all points x ∈ W + , the following conditions (1)−(3) hold:
(1) the components a k (x)+z h and a m (x) of the vector-function a(x) in (5.3) satisfy the following commutation relations
is positive-definite;
Conversely, any 2-form as in ( Proof. The following lemma is crucial for our proof. The map a → ω a , a ∈ g, is an injection.
Proof. (Of the lemma.) Since the G-invariant form ω 0 is closed, we have Since any central extension of a semisimple Lie algebra g is trivial, this cocycle is exact. Indeed, by the Malcev theorem for the radical R there exists some complement which is an algebra, evidently isomorphic to g. This complement has the basis (ξ, α(ξ)), where α is a linear function on g. Since this complement is a subalgebra, c(ξ, η) = α([ξ, η]). In other words, c(ξ, η) = a, [ξ, η] for some vector a ∈ g. But [g, g] = g (the algebra is semisimple) and, consequently, such a vector a is unique. Now by the G-invariance, ω 0 = ω a .
It is easy to see (using Definition 5.2) that r * h ω a = ω Ad h a for any h ∈ H ⊂ G. Using the relation [g, g] = g again we obtain that the map a → ω a , a ∈ g, is an injection. Therefore ω a is a right H-invariant form on G if and only if Ad(H)(a) = a.
By the invariance of the form ·, · on g, that is,
the kernel of ω a is generated by the vector fields ξ l , where ξ is an element of the centralizer g a of a in g.
where q is a 2-form on W + , and b k j , b sk are smooth real-valued functions on W + . Suppose that ω ∈ K(G × W + ), that is, the form ω satisfies conditions (1)- (5) of Theorem 4.8. It is easy to verify that if the form ω is closed then the form q is closed and each form ∆(x) = 1 s<k N b sk (x) · θ es ∧ θ e k for arbitrary but fixed x ∈ W + also is closed as a form on G. Then by Lemma 5.2 there exists a unique (smooth) vector-function b :
The form ω is closed if and only if 
Since ω ∈ K(G × W + ), ω(Z Xs , Z Xp ) = 0, where, recall, Z X j = (X l j , −i ∂/∂x j ) and (X 1 , . . . , X r ) is the given basis of a. Now, the subalgebra a ⊂ g is commutative. Thus the restriction ω b(x) (e)| a vanishes (see (5.2) ) and, consequently,
Therefore, the form q vanishes on W + and ∂b p ∂x s (x) = ∂b s ∂x p (x) for all x ∈ W + , s, p ∈ {1, . . . , r}. Since the domain W + ⊂ R r is convex, there exists a unique (up to a real constant) smooth function f : W + → R such that
In other words, a G-invariant 2-form ω on G×W + is closed and ω(Z Xs , Z Xp ) = 0, s, p ∈ {1, . . . , r}, if and only if
where a ⊥ : W + → m + ⊕ k is a smooth vector-function. It is clear that
Since the maps a → θ a and a → ω a , a ∈ g, are injections (cf. Lemma 5.2) we obtain that a [1] 
It is convenient now, using (5.8), to calculate i ω(
Using (4.30) for the vector field Z ξ , ξ ∈ m + we obtain, for all (g, x) ∈ G × W + ,
Thus ω(Z X k , Z ξ ) = 0 for all k = 1, . . . , r, and ξ ∈ m + if and only if
for all x ∈ W + , because [a, a ⊕ z(h)] = 0 and (4.33) hold. In other words, we obtain the following differential relations:
In this place it is convenient to calculate also i ω(
Using the invariance (5.7) of the scalar product, the properties (4.32), (4.33) of the operator-functions R, S and the commutation relations (4.1), we calcu-
Since the algebra a is commutative, 
It is easy to verify that ∆ =
and π H × id is a submersion, we obtain that i∂∂Q = ω.
To prove that the form ω is a Kähler form note that our form d θ a is a special case of the form considered in Theorem 5.1.
Indeed, choosing the vector-function a as in Theorem 5.1 such that its components z h , a k , a m vanish identically on W + so that a(x) = r k=1 ∂f ∂x k (x)X k , we obtain from (5.6) for this function a that: (1) the p × p-matrix-function w H (x), p = dim m H , is diagonal except for the first r × r-block 2
* , is diagonal. Then the Hermitian matrices w H (x), w * (x) are positive-definite if and only if the matrix
is positive-definite and the condition
> 0 is satisfied for all restricted roots λ ∈ Σ + and j = 1, . . . , m λ . Since x ∈ W + , one has sinh λ ′ (x) > 0, cosh λ ′ (x) > 0, so the previous condition can be simplified to λ ′ a(x)) > 0 for all λ ∈ Σ + , which amounts to the fact that a(W + ) ⊂ W + . Taking into account that condition (5.12) is condition (4) of Theorem 5.1 in our special case, we obtain the last statement of the corollary.
New complete invariant Ricci-flat Kähler metrics on T S 2
Let g be a compact Lie algebra and let σ, k, m, a, Σ, etc. be as in Subsection 4.1. We continue with the previous notations but in this section it is assumed in addition that G/K is the rank-one Riemannian symmetric space S 2 , that is G/K = SO(3)/SO(2) also S 2 ∼ = CP 1 ∼ = SU(2)/S(U(1)×U (1)) . In this case the Lie algebra g is the algebra so(3) of skew-symmetric 3 × 3 real matrices. Denote by E jk the elementary 3 × 3 matrix with 1 in the entry in the jth row and the kth column and 0 elsewhere. Then the set of vectors {X, Y, Z}, where
is a basis of the three-dimensional Lie algebra g. The compact Lie subalgebra k = RZ of the semisimple Lie algebra g = so(3) is a Cartan subalgebra of g.
Fix on g = so(3) the invariant trace form given by B 1 , B 2 = − From (6.1) it follows that the restricted root system Σ = {±ε}, where ε ∈ (a C ) * and ε ′ (X) = 1, where, recall, ε = iε ′ . Also by (6.1), m + = m ε = RY , k + = k ε = RZ and the algebra h = 0 (h is the centralizer of a = RX in k = RZ). Therefore the centralizer g h of h = 0 in g coincides with the whole Lie algebra g. Remark also that the domain W + = {xX : x ∈ R, x > 0} can be naturally identified with R + . From (6.1) we have Ad exp tZ X = e t ad Z (X) = cos tX − sin tY .
But K = {exp tZ, t ∈ R} and, as it is easy to verify, exp tZ = E 11 +cos t(E 22 + E 33 ) + sin tZ. Thus the map K → m, exp tZ → Ad exp tZ X, is a one-to-one map and therefore, H = {e}, m R = m\{0} and g H = g. Moreover, one obtains
where T + S 2 is the punctured tangent bundle T + S 2 = T S 2 \{zero section} of S 2 . It is easy to verify that the 2 × 2 Hermitian matrix w H (x) (see Theorem 5.1, (2)) is the matrix with entries and because X, X = 1, one gets ω whole axis R, such that (f ′ (x)) 2 is the restriction to R + of the function (6.13) ψ(x) = C 1 + (C + c Next, we show that the metric g 0 on G× K m ∼ = T S 2 is complete. To prove this, we consider again the description of the form ω in (6.9) on the space G × W + ∼ = G × K m R ∼ = T + S 2 (G = SO(3), H = {e} and ω = ω). For our aim it is sufficient to calculate the distance dist(b, c) between the compact subsets G × {b} and G × {c}, where dist(b, c) = inf{d(p b , p c ), p b ∈ G × {b}, p c ∈ G × {c}}. Since the sets G × {x} are compact, it is clear that the metric g 0 is complete if and only if for some b > 0 one has lim c→∞ dist(b, c) = ∞.
To calculate the function dist(b, c) note that the tangent bundle T (G/K) ∼ = G × K m is a cohomogeneity-one manifold, i.e. the Lie group G acts on this manifold with a codimension-one orbit. We will use only one fundamental fact on the structure of these manifolds [22] : A unit smooth vector field U on a Ginvariant domain D ⊂ T (G/K) which is g 0 -orthogonal to each G-orbit in D is a geodesic vector field, i.e. its integral curves are geodesics of the metric g 0 .
We now describe such a vector field U on G × W + ∼ = T + (G/K). Put (6.14)
Lemma 6.2. Such a unit vector field U on G × W + is determined by the expression
For the coordinate function x on G × W + the following inequality holds
, where ξ l (g), t ∂ ∂x ∈ T (g,x) (G × W + ) and · is the norm determined by the metric g. 
